Published by Institute of Physics Publishing for SISSA/ISAS Received: June 12, 2003 Accepted: June 18, 2003

Anomaly, fluxes and (2,0) heterotic-string compactifications

Joe Gillard, George Papadopoulos and Dimitrios Tsimpis

Department of Mathematics, King’s College London Strand, London WC2R 2LS, UK E-mail: joseph.gillard@kcl.ac.uk, gpapas@mth.kcl.ac.uk,

tsimpis@fy.chalmers.se

Abstract: We compute the corrections to heterotic-string backgrounds with (2,0) worldsheet supersymmetry, up to two loops in sigma-model perturbation theory. We investigate the conditions for these backgrounds to preserve spacetime supersymmetry and we find that a sufficient requirement for consistency is the applicability of the ∂ ¯∂-lemma. In particular, we investigate the α^′ corrections to (2,0) heterotic-string compactifications and we find that the Calabi-Yau geometry of the internal space is deformed to a hermitean one. We show that at first order in α^′, the heterotic anomaly-cancellation mechanism does not induce any lifting of moduli. We explicitly compute the corrections to the conifold and to the U(n)-invariant Calabi-Yau metric at first order in α^′. We also find a generalization of the gauge-field equations, compatible with the Donaldson equations on conformally-balanced hermitean manifolds.

Keywords: Superstrings and Heterotic Strings, Superstring Vacua.

To the memory of Sonia Stanciu

© SISSA/ISAS 2003 http://jhep.sissa.it/archive/papers/jhep062003035 /jhep062003035 .pdf

Contents 1. Introduction 1 2. Field and Killing-spinor equations 4 3. The α^′ corrections to backgrounds with torsion 5 3.1 World-sheet and spacetime supersymmetry 5 3.2 Gravitino and dilatino Killing-spinor equations 7 3.3 The solutions of field equations 8 4. The gauge field 11 4.1 Gauge fields on KT conformally balanced manifolds 11 4.2 The gauge field equations 12 5. (2,0) heterotic compactifications 12 5.1 The zeroth-order solution 12 5.2 The first-order solution 13 6. The α^′-corrected conifold 14 7. The α^′-corrected U(n)-invariant Calabi-Yau metric 16 8. Concluding remarks 18 A. Useful formulae for KT geometry 19 B. Lichnerowicz and Laplace operators 20 C. Another derivation of the field equations for (2,0) compactifications 21

1. Introduction The dynamics of the massless superstring modes of the various superstring theories admit a description in terms of ten-dimensional effective supergravities. The latter include, in particular, an infinite tower of α^′ corrections. From the world-sheet perspective, the equations of the target-space fields are vanishing conditions for the sigma model beta functions, i.e. conditions for conformal invariance. In this approach, α^′ is the loop-counting parameter in the sigma-model perturbation theory. At zeroth order in α^′, the vanishing of the beta

– 1 – functions is equivalent to the field equations of ordinary supergravity theories. Terms linear or higher in α^′ are associated with corrections involving quadratic or higher polynomials in the spacetime curvature and their supersymmetric completions.

For generic heterotic-string backgrounds the α^′-corrections to sigma-model couplings are not known. As a result, most configurations relevant to string theory that have appeared in the literature, like the compactifications of [1]–[3], the five-brane [4] and various fivebrane intersections [5, 6], are solutions of ordinary supergravity theories. In cases where there is sufficient world-volume supersymmetry, one can argue that higher-order corrections are absent, see [7] for a general argument. In general however, the investigation of stringy effects requires taking the α^′ corrections into account. One such background is the heterotic five-brane [4] which emerges at one loop in sigma-model perturbation. This and other related results have been extended to three loops in [8].

The low-energy dynamics of the heterotic string is given by N = 1 supergravity in ten dimensions. The bosonic fields of the theory are the spacetime metric G, the NS three-form field strength H, the dilaton Φ and the gauge field A. The Green-Schwarz anomaly-cancellation mechanism requires that the three-form Bianchi identity receive an α^′ correction of the form dH = − α^′ 4 (p_1(M) − p_1(E)) + O ( α^{′2} ) , (1.1)

where p_1(M), p_1(E) are the first Pontrjagin forms of spacetime M and of the vector bundle E with connection A, respectively. In the α^′ expansion for H, H = T + α^′f + O(α^{′2}), the lowest-order term T should be a closed three-form, i.e. dT = 0. This stems from the fact that at tree-level in the sigma model, the string couples to a two-form gauge potential b, where T = db. On the other hand, if p_1(M) ≠ p_1(E), then df ≠ 0 and so dH ≠ 0. Global anomaly cancellation requires in addition that dH be exact, i.e. that H be globally defined.

A class of heterotic-string backgrounds for which the Bianchi identity of the three-form H receives a correction of the type (1.1) are those with (2,0) world-volume supersymmetry. Such models were considered in [9]. The target-space geometry of (2,0)-supersymmetric sigma models has been extensively investigated in [9, 10, 7]. Recently, there is revived interest in these models [11, 12] as string backgrounds and in connection to heterotic-string compactifications with fluxes [13, 14].

In this paper we investigate the α^′ corrections to heterotic-string backgrounds with (2,0)-world-sheet supersymmetry. We take spacetime to be M = R^{10−2n} × X_n and demand that the background preserve 2^{1−n} of spacetime supersymmetry. The n = 2 case was examined in [8]. The manifold X_n is hermitean equipped with a compatible connection ∇^{(+)} with skew-symmetric torsion H, i.e. X_n is Kähler with torsion (KT). At first order in α^′, the holonomy of the connection ∇^{(+)} is contained in SU(n) and X_n is conformally balanced, see appendix A.

We show that at linear order in α^′ such spacetime-supersymmetric backgrounds satisfy the anomaly-cancellation condition and the field equations. In the proof, we make use of the results of [16] summarised in appendix A of the present paper. We find that the

– 2 – corrections to the other fields are determined by the corrections to the metric. We stress that consistency of the anomaly cancellation condition with the field equations requires that in the latter we include the two-loop contribution. A sufficient condition for the consistency of spacetime supersymmetry with the anomaly cancellation and the field equations, is the applicability of the ∂ ¯∂-lemma^1 on X_n.

We also consider the Donaldson equations on a non-Kähler hermitean manifold. These are related to the gaugino Killing-spinor equation. For generic hermitean manifolds, it is not apparent that the Donaldson equations are associated with a second-order equation for the gauge connection, i.e. a field equation. We find that they are, however, if the underlying hermitean manifold is conformally balanced.

It has been shown in [15] that if X_n is compact, nonsingular and all fields are smooth, then T vanishes and to zeroth order in the α^′ expansion X_n is a Calabi-Yau n-fold. We shall take this to be the starting point of the α^′ expansion. Proceeding to first order in α^′, X_n is deformed to a conformally-balanced KT manifold with hol(∇^{(+)}) ⊆ SU(n). We determine the deformations of the fields using Hodge theory. Moreover, we compute the dimension of the moduli space and we find it to be the same as that of the moduli space of the underlying Calabi-Yau manifold. We therefore conclude that at this order in α^′, there is no lifting of moduli in (2,0) compactifications with T = 0. As particular examples of the general theory mentioned above, we compute the O(α^′) corrections to the conifold [17] and to the U(n)-invariant Calabi-Yau metric found in [18]. We find that the singularity of the conifold persists to first order in α^′. For other α^′ corrections to conifold geometry see [20].

This paper is organised as follows: In section 2, we establish our notation and write down the field and the Killing-spinor equations for the heterotic string, up to two loops in sigma-model perturbation theory (order O(α^′)). In section 3, we give the conditions on the deformations of the metric required by spacetime supersymmetry, and express the deformations of the NS three-form and the dilaton in terms of those of the metric. We then show that the Killing-spinor equations for the aforementioned set of fields imply the field equations at this order in α^′, provided the anomalous Bianchi identity of the H field is satisfied. In section 4, we show that the gaugino Killing-spinor equation, which is equivalent to the Donaldson equations on a hermitean manifold, implies the field equation for the gauge connection. In section 5, we compute the O(α^′) corrections to the fields and show that the dimension of the moduli space is the same as that of the moduli space of the Calabi-Yau space we started with at zeroth order in α^′. In section 6 and seven, we compute the O(α^′) corrections to the conifold and to the Calabi metric, respectively. In section 8, we discuss the consequences of our results in the context of compactifications with fluxes and we comment on α^′ corrections beyond two-loops. In appendix A, we summarise some of the properties of KT geometry. In appendix B, we explain the relation between the Lichnerowicz and Laplace operators. Finally, in appendix C we give a solution to the field equations at linear order in α^′ without the use of the Killing-spinor equations.

1The ∂ ¯∂-lemma is not valid on all non-Kähler hermitean manifolds.

– 3 –

2. Field and Killing-spinor equations

The bosonic fields of the ten-dimensional supergravity which arises as low energy effective theory of the heterotic string are the spacetime metric G, the NS three-form field strength H, the dilaton Φ and the gauge connection A. We define the connections

∇^{(±)}_M Y^N = ∇_M Y^N ± 1 2 H^N_{MR}Y^R , where ∇ is the Levi-Civita connection of the metric G and M, N, R = 0, 1 . . . , 9 are spacetime indices. The three form H has an expansion in α^′ of the form^2 H = T − α^′ 4 ( Q_3 ( Γ^{(−)} ) − Q_3(A) ) + O(α^{′2}) , (2.1)

where T is a closed three-form, dT = 0 and Q_3 are Chern-Simons three-forms. We have dH ≡ −α^′P + O(α^{′2}) , P = 1 4 [ tr ( R^{(−)} ∧ R^{(−)} ) − tr(F ∧ F ) ] , (2.2)

where the trace on the gauge indices is taken as

tr F ∧ F = F^a_b ∧ F^b_a , F = dA + A^2 .

Similarly for the trace of R^{(−)}, where R^{(−)} is the curvature of the connection ∇^{(−)}. The four-form P is proportional to the difference of the Pontrjagin forms of the tangent bundle of spacetime and Yang-Mills bundle of the heterotic string.

The string frame field equations of the heterotic string up to two-loops [19] in sigma model perturbation theory are R_{MN} + 1 4 H^R_{ML}H^L_{NR} + 2∇_M ∂_N Φ+ + α^′ 4 [ R^{(−)}_{MP QR}R^{(−)}_N^{P QR} − F_{MP ab}F_N^{P ab} ] + O(α^{′2}) = 0

∇_M (e^{−2Φ}H^M_{RL}) + O(α^{′2}) = 0 ∇^{(+)M} (e^{−2Φ}F_{MN} ) + O(α^{′2}) = 0 , (2.3)

where we have suppressed the gauge indices. The field equation of the dilaton Φ is implied from the first two equations above. Our curvature conventions are given in appendix A.

Let {Γ^M ; M = 0, . . . , 9} be a basis of the Clifford algebra Cliff(R^{1,9} ), i.e. Γ^M Γ^N + Γ^N Γ^M = 2G^{MN} . Then the string frame Killing-spinor equations^3 are [10, 21]

∇^{(+)}ϵ + O(α^{′2}) = 0 ( Γ^M ∂_M Φ − 1 12 H_{MNR}Γ^{MNR} ) ϵ + O(α^{′2}) = 0

F_{MN} Γ^{MN} ϵ + O(α^{′2}) = 0 , (2.4)

2Our form conventions are ω_k =^1_{k!} ωi_1 ,...,i_k dx^{i1} ∧ · · · ∧ dx^{ik} . 3We have used the notation Γ^{M1...Mk} = Γ^{[M1} . . . Γ^{Mk ]}.

– 4 – where ϵ is a section of the spin bundle S_+.^4 It is clear that the first Killing spinor equation is a parallel transport equation for the connection ∇^{(+)}. Since the connection of the spin bundle S_+ is induced from the tangent bundle of spacetime, the investigation of this Killing-spinor equation is greatly simplified. The first, second and third Killing-spinor equations are associated with the supersymmetry transformations of the gravitino, dilatino and gaugino, respectively. We shall use this terminology in what follows to distinguish between them.

It is clear from the field equations that the two-loop contribution to the Einstein equations is at the same order as the modification of the torsion H due to the cancellation of the heterotic anomaly. Consistency then requires that both should be taken into account. The various field and Killing-spinor equations are expected to receive corrections to all orders in α^′. Therefore a solution of the field and/or Killing-spinor equations of the effective supergravity theory can be expanded as

G = g + α^′h + O(α^{′2}) H = T + α^′f + O(α^{′2}) Φ = φ + α^′ϕ + O(α^{′2}) A = B + α^′Q + O(α^{′2}) . (2.5)

In this expansion, the fields (g, T, φ, B) solve the field and the Killing-spinor equations at zeroth-order in α^′. We again remark that dT = 0 although dH may not vanish, dH ≠ 0. The deformation (h, f, ϕ, Q) linear in α^′ is the first-order correction to the background (g, T, φ, B). Of course, the fields receive higher-order corrections in α^′. In what follows, we determine the deformations (h, f, ϕ, Q) by requiring that (G, H, Φ, A) in (2.5) solve the field (2.3) and Killing-spinor (2.4) equations.

3. The α^′ corrections to backgrounds with torsion

3.1 World-sheet and spacetime supersymmetry

We restrict our attention to heterotic string backgrounds of the form

ds^2 = ds^2(R^{10−2n} ) + ds^2(X_n) T = 1 3! T_{ijk}(y)dy^i ∧ dy^j ∧ dy^k φ = φ(y) B = B_i(y)dy^i , (3.1)

where {y^i; i = 1, . . . , 2n} are coordinates on a manifold X_n, n ≤ 4, and dT = 0 as we have explained in the introduction.

In addition, we require that the background (g, T, φ, B) be compatible with (2,0) worldsheet supersymmetry. This means that the light-cone gauged fixed string world-sheet

4The spin group Spin(1, 9) has two inequivalent irreducible sixteen-dimensional spinor representations and S± are the associated bundles.

– 5 – action is (2,0)-supersymmetric. In particular this implies that X_n is a hermitean manifold, (X_n, J, g), with complex structure J which is parallel with respect to ∇^{(+)} connection, i.e. (X_n, J, g) is a KT manifold. The torsion T of KT manifolds is specified by the metric g and the complex structure J, see appendix A.

The background (3.1) is expected to receive α^′ corrections because the supergravity field equations are modified by two- and higher-loop contributions in sigma model perturbation theory and in particular by the heterotic anomaly-cancellation mechanism. After these corrections are included, the background is expected to be of the form

ds^2 = ds^2(R^{10−n} ) + ds̃^2(X_n) H = 1 3! H_{ijk}(y)dy^i ∧ dy^j ∧ dy^k Φ = Φ(y) A = A_i(y)dy^i , (3.2)

where ds̃^2(X_n) = G_{ij} (y)dy^idy^j. The three-form H is not necessarily closed, because of (2.2).

As we have seen, sigma model loop effects and the heterotic anomaly cancellation mechanism alter the geometry of the manifold X_n. Nevertheless, it is expected that if the original manifold (X_n, J, g) has a KT structure, the geometry, after the corrections are taken into account, remains KT. So the manifold (X_n, J, G) has a KT structure as well but now the torsion H is not closed. This is because it is expected that there is a scheme which preserves the (2,0) world-volume supersymmetry in sigma model perturbation theory [22].

A solution (g, T, φ, B) of the zeroth order in α^′ field equations associated with KT manifold (X_n, J, g) does not necessarily satisfy the Killing-spinor equations (2.4) of supergravity theory. The conditions for (g, T, φ, B) to satisfy the gravitino, dilatino and gaugino Killing-spinor equations [10, 15] are

hol(∇^{(+)}) ⊆ SU(n) , θ = 2dφ F (B)_{2,0} = F (B)_{0,2} = 0 , Ω^{ij} F (B)_{ij} = 0 , (3.3)

where hol(∇^{(+)}) is the holonomy of the connection ∇^{(+)}, Ω_{ij} = g_{jk}J^k_j is the Kähler form and θ is the Lee form of the hermitean geometry. (The Lee-form has been given in appendix A). KT manifolds for which the Lee-form is exact are called conformally balanced. The conditions on the curvature F (B) of the gauge connection B required by the gaugino Killing-spinor equations imply that F is a (1,1)-form with respect to the complex structure J and its trace with Ω vanishes. I.e. considered as a two-form F (B) takes values in the Lie algebra of SU(n). These conditions are the analogue of the Donaldson equations for hermitean manifolds. It can be shown that the backgrounds of (3.3) preserve 2^{1−n} of spacetime supersymmetry.

Conversely if (g, T, φ, B) in (3.1) satisfies the Killing-spinor equations (2.4) preserving 2^{1−n} of spacetime supersymmetry, then X_n is a conformally balanced KT manifold and the holonomy of ∇^{(+)} is contained in SU(n).

As we have explained, the geometry of the background (G, H, Φ, A) (3.2) is expected to be KT. However, it is not apparent that if the (g, T, φ, B) background is spacetime

– 6 – supersymmetric, then (G, H, Φ, A) will also be spacetime supersymmetric. The corrections to Killing-spinor equations of supergravity (3.3) at order O(α^′) are determined by the corrections to the metric and the torsion but otherwise their dependence on the metric and the torsion remains the same.^5 This has the consequence that if we insist that the corrected background (G, H, Φ, A) preserve the same number of supersymmetries as (g, T, φ, B), then (X_n, J, G) is again a KT manifold for which hol∇^{(+)} ⊆ SU(n), θ = 2dΦ and F (A)_{2,0} = F (A)_{0,2} = 0, Ω^{ij} F_{ij} = 0. In this case, ∇^{(+)}, θ and Ω are the connection, Lee form and Kähler form of the metric G, respectively.

We conclude that at linear order in α^′, the corrections to the geometry of X_n are deformations which preserve the following two properties:

• X_n is a conformally balanced KT manifold and

• the holonomy ∇^{(+)} is contained in SU(n).

In what follows, we derive the conditions on the deformations of the geometry which preserve the above properties and we solve the field and Killing-spinor equations to first order in α^′. We also present a similar analysis for the conditions on the gauge connection.

3.2 Gravitino and dilatino Killing-spinor equations

As we have mentioned, in order to solve the gravitino and dilatino Killing-spinor equations, we have to specify the deformations (G, H) = (g + α^′h, T + α^′f) which preserve the properties that (X_n, J, g) is conformally balanced KT manifold and hol(∇^{(+)}) ⊆ SU(n).

First, we consider deformations which preserve the hermiticity of the metric with respect to the complex structure J. This means that h_{αβ} = 0, where α, β = 1, . . . , n are labels for the holomorphic coordinates on X_n. It can then be easily shown that hol(∇^{(+)}) ⊆ U(n) provided that the deformation for the torsion is

f_{αβγ̄} = −∇_αh_{βγ̄} + ∇_βh_{αγ̄} , (3.4)

where ∇ is the Levi-Civita connection of the metric g, f_ᾱ¯_{βγ} = (f_{αβγ̄} )^∗ and the rest of the components vanish. The latter is required because the torsion of a KT geometry is a (2,1)- and (1,2)-form.

Furthermore, the deformation of the connection of the canonical bundle^6 of X_n associated with ∇^{(+)} is

ω_α(G) = ω(g)_α + α^′ [ 2i∇_β h_α^β − i∇_αh^β_β + iT¯_{δβγ̄} g^{βγ̄} h_α¯_δ − iT_{αβγ̄} h^{βγ̄} ] + O(α^{′2}) , (3.5)

where ω(g) is the connection of the canonical bundle associated with the connection^7 ∇^{(+)}(g) and ω_ᾱ = (ω_α)^∗. A necessary and sufficient condition for hol(∇^{(+)}) ⊆ SU(n) is

5It is not expected that this property of the Killing spinor equations persists to all orders in sigma model perturbation theory. The dependence of the Killing-spinor equations on the metric and the torsion will change at higher orders [23].

6This is the diagonal U(1) part of a U(n) connection on the tangent bundle.

7To avoid confusion, sometimes we use the notation ∇^{(+)}(g) to denote the connection ∇^{(+)} with respect to the metric g.

– 7 – that the curvature of the canonical bundle vanishes. For the connection (3.5), a sufficient condition is 2i∇_β h_α^β − i∇_αh^β_β + iT¯_{δβγ̄} g^{βγ̄} h_α¯_δ − iT_{αβγ̄} h^{βγ̄} = 0 , (3.6)

where ∇ = ∇(g).

It remains to find the condition required for X_n to remain conformally balanced after the deformation. For this, we compute the first-order deformation of the Lee form to find

θ_α = θ(g)_α + α^′ [ −∇_α(g^{βγ̄} h_{βγ̄} ) − ∇_βh_{αγ̄} g^{βγ̄} + 1 2 T_{αβγ̄} h^{βγ̄} − 1 2 H^{δ̄}_{βγ̄} g^{βγ̄} h_α¯_δ ] , (3.7)

where θ(g) is the Lee-form of the (g, J) geometry. Substituting (3.6) in (3.7), we find that

θ_α = θ(g)_α + α^′ 2 ∇_α(g^{βγ̄} h_{βγ̄} ) . (3.8)

The dilatino Killing-spinor equation can be solved by setting ϕ = 1 4 g^{βγ̄} h_{βγ̄} . (3.9)

Therefore the dilaton is deformed to

Φ = φ + α^′ 4 g^{βγ̄} h_{βγ̄} + O(α^{′2}) .

The equations that remain to be solved are those in (3.6). Observe that these equations are 2n in number, i.e. as many as the diffeomorphisms of X_n. Since there is some redundancy in specifying the deformation h up to an infinitesimal diffeomorphism generated by the vector field v, i.e. h^′_{αβ̄} = h_α¯_β +∇_αv¯_β +∇¯_βv_α, it is expected on physical grounds that it is always possible to choose an h so that (3.6) is satisfied. Therefore (3.6) can be viewed as a choice of gauge fixing for diffeomorphisms of X_n. In the following, we provide more evidence that this is a good gauge choice.

It remains to examine the conditions on the gauge connection. We postpone this for after the investigation of the field equations of the metric and the two-form gauge potential.

3.3 The solutions of field equations

Having derived the conditions for the deformations to satisfy the gravitino and dilatino Killing-spinor equations, we now focus on the solutions of the field equations for the metric and the NS two-form potential. In particular we show that at order α^′ both these field equations are satisfied provided that the heterotic anomaly-cancellation condition holds.

Assuming that the background (g, T, φ) satisfies the field equations at zeroth order in α^′, substituting (2.5) in the field equation for the metric (2.3) and collecting the terms linear in α^′, we find Δ_Lh_{ij} − 1 4 T_{imn}f_j^{mn} − 1 4 T_{jmn}f_i^{mn} + 1 2 h^{mn}g^{kl}T_{imk}T_{jnl} + +2∇_i∂_j ϕ − g^{kl} (∇_ih_{jk} + ∇_jh_{ik} − ∇_kh_{ij} ) ∂_lϕ_0 + S_{ij} = 0 , (3.10)

– 8 – where Δ_L is the Lichnerowicz operator with respect to the metric g (see appendix B) and S_{ij} = 1 4 [ R^{(−)}_{iklm}R^{(−)}_j^{klm} − F_{ikab}F_j^{kab} ]

is the two loop contribution to the beta function. The curvature R^{(−)} is with respect to (g, T ) and F = F (B).

Clearly, (3.10) is rather involved. To proceed, we take the original background (g, T, φ, B) to be spacetime supersymmetric in the sense described in the previous section. In addition we assume that after the deformation the background remains supersymmetric. As we have seen this is equivalent to requiring that the KT geometry (X_n, J, G) be conformally balanced and hol(∇(G)^{(+)}) ⊆ SU(n). Substituting the deformation (2.5) in (A.4) of appendix A and collecting the terms linear in α^′, we find that Δ_Lh_{ij} − 1 4 T_{imn}f_j^{mn} − 1 4 T_{jmn}f_i^{mn} + 1 2 h^{mn}g^{kl}T_{imk}T_{jnl}+ +2∇_i∂_j ϕ − g^{kl}(∇_ih_{jk} + ∇_jh_{ik} − ∇_kh_{ij} )∂_lϕ_0 = 1 4 J^k_idf_{kjmn}Ω^{mn} . (3.11) Observe that there is no explicit contribution of the metric deformation on the right-hand-side of (A.4). This is because at zeroth order the torsion is closed, dT = 0. Using (3.10) and (3.11), we find that 1 4 J^k_idf_{kjmn}Ω^{mn} + S_{ij} = 0 . (3.12)

Next consider the anomaly-cancellation condition (2.2) which to linear order in α^′ can be written as df = −P , (3.13)

where P depends on (g, T, B). Since we have assumed that the background (g, T, φ, B) is supersymmetric, R^{(−)} and F satisfy the conditions

R^{(−)}_{mn}^i_j J^m_kJ^n_l = R^{(−)}_{kl}^i_j , Ω^{mn}R^{(−)}_{mn}^i_j = 0 F_{mn}^a_bJ^m_kJ^n_l = F_{kl}^a_b , Ω^{mn}F_{mn}^a_b = 0 . (3.14)

These conditions on R^{(−)} can be easily deduced from the fact that the holonomy of ∇^{(+)} is contained in SU(n) and R^{(−)}_{ij,kl} = R^{(+)}_{kl,ij} provided that the torsion is closed (dT = 0). The conditions on F can be deduced from the Killing-spinor equations of the gaugino. Contracting the anomaly-cancellation condition^8 (3.13) with the Kähler form Ω and using (3.14), it is easy to see that the field equation for the metric (3.12) is satisfied.

In order to solve the field equations for the metric, it is sufficient to solve the anomalycancellation condition (3.13). Substituting (3.4) in (3.13), we find that P = −2i∂ ¯∂Y , (3.15) where Y_{ij} = h_{ik}J^k_j . The global anomaly-cancellation condition requires that P be exact. Since P is an exact, real (2,2)-form, if the ∂ ¯∂-lemma is valid on X_n, then there is a real

8This derivation of (3.12) from (3.13) is sensitive to the relative numerical coefficient of the two-loop contribution to the metric field equation and that of the anomaly-cancellation condition.

– 9 –

(1,1)-form Y globally defined on X_n such that (3.15) is satisfied. On hermitean manifolds which are not Kähler, the ∂ ¯∂-lemma is not valid in general. Therefore a sufficient condition for the existence of spacetime supersymmetric solutions in backgrounds with non-vanishing torsion, T ≠ 0, is the validity of the ∂ ¯∂-lemma.

The solution to the anomaly-cancellation condition (3.15) is not unique. Indeed, if Y satisfies (3.15), then Y^′ = Y + ∂w̄ + ¯∂w , (3.16)

where w is a (1,0)-form, is also a solution. This gauge freedom in Y is equivalent to specifying the deformation h in the metric up to an infinitesimal diffeomorphism. This can be easily seen by setting v = −iw. Therefore having determined Y from (3.15), we still have the gauge freedom to solve the supersymmetry condition (3.6).

The solution of (3.15) up to a gauge transformation (3.16) is not unique. The classes of independent solutions are described by the Aeppli group V^{1,1}(X_n) defined by

V^{1,1} =

Ker(i∂ ¯∂ : Λ^{1,1}(X_n) → Λ^{2,2}(X_n)) ∂Λ^{0,1}(X_n) + ¯∂Λ^{1,0}(X_n) , see [24] for a related discussion. The dimension of this group is the dimension of the moduli space of solutions of (3.15). However it is not apparent that all elements of this group are associated with spacetime-supersymmetric deformations. The latter should in addition satisfy (3.6).

It remains to show that the field equations of the NS two-form gauge potential are satisfied as well. The proof of this is based on an identity shown in [16, (corollary 3.2)] which can be stated as follows: Let (X_n, J, G) be a conformally balanced KT manifold with torsion H, dH ≠ 0, and hol(∇^{(+)}) ⊆ SU(n), then

∇^iH_{ijk} = θ_i H^i_{jk} . (3.17)

This statement is valid irrespectively of whether or not G is a small perturbation of another metric g.

Both KT structures (X_n, J, g) and (X_n, G, J) satisfy the aforementioned conditions because they are supersymmetric. Therefore both satisfy (3.17) with their respective torsions and Lee forms. Using (3.17) for the α^′ corrected background (G, H, Φ, A), the field equation (2.3) for the NS two-form

−2∂_iΦH^i_{jk} + ∇^iH_{ijk} + O(α^{′2}) = 0 (3.18)

can be written as (θ_i − 2∂_iΦ)H^i_{jk} + O(α^{′2}) = 0

which vanishes identically because (X_n, J, G) is conformally balanced. Since the field equations for the background (g, T, φ, B) are satisfied by assumption and as we have shown the field equations (3.18) for (G, H, Φ, A) are satisfied as well, the part of (3.18) linear in α^′ vanishes identically. Therefore the field equations for the NS two-form gauge potential are satisfied without additional conditions on the deformation h of the metric.

– 10 –

4. The gauge field

The main purpose of this section is to show that the Killing-spinor equations of the gaugino imply the field equations of the gauge field before and after the α^′ corrections are taken into account. The simplest way to show this is by investigating the properties of gauge fields on conformally balanced KT manifolds.

4.1 Gauge fields on KT conformally balanced manifolds

We first describe the well-known relation between the Donaldson equations and the field equations of a gauge connection on a Kähler manifold. Let E be a vector bundle over a Kähler manifold (M, J, G) equipped with a connection A with curvature F . If A satisfies the Donaldson equations

F_{0,2} = F_{2,0} = 0 , Ω^{ij}F_{ij} = 0 , (4.1)

then it is straightforward to show that A solves the field equations

∇^iF_{ij} = 0 . (4.2)

The proof makes use of the Jacobi identities for F . Donaldson has shown that if E is a stable bundle over a complex surface M, then there is a unique connection which solves (4.1).

Next suppose that E is a vector bundle over a non-Kähler conformally-balanced KT manifold (M, J, G) equipped with a connection A with curvature F . Donaldson equations (4.1) can be easily generalised to KT manifolds by allowing Ω to be the Kähler form of the hermitean metric G. We shall show that the Donaldson equations imply the field equations ∇^{(+)i}(e^{−2Φ}F (A)_{ij} ) = 0 , (4.3)

where ∇^{(+)} is the connection of the KT structure (M, J, G) with torsion H and Lee form θ = 2dΦ. For this we choose complex coordinates with respect to the complex structure J and rewrite (4.3) as

−2∇_γ G^{γβ̄} F¯_{βα} + G^{γβ̄} ∇_γ F¯_{βα} − 1 2 H^{δ̄}_γ¯_β F¯_{δα}G^{γβ̄} − 1 2 H^δ_{γα}F¯_{βδ}G^{γβ̄} = 0 . The Jacobi identities imply that

∇_γ F¯_{βα} + ∇_αF_γ¯_β = −∇¯_βF_{αγ} ,

where ∇¯_βF_{αγ} = 1 2 H^{δ̄}¯_{βα}F¯_{δγ} + 1 2 H^{δ̄}¯_{βγ} F_α¯_δ ,

and ∇ is the Levi-Civita connection of the metric G. Collecting the various terms together, we find that (θ_γ − 2∂_γ Φ)G^{γβ̄} F¯_{βα} = 0

which vanishes identically because (M, J, G) is conformally balanced, θ = 2dΦ. Therefore equations (4.1) together with the Jacobi equations imply the field equations (4.3).

– 11 –

4.2 The gauge field equations We shall use the result of the previous section to show that the field equations of the gauge field are satisfied provided that the Killing-spinor equations (2.4) are satisfied.

Assuming that the background (g, T, φ, B) and its deformation (G, H, Φ, A) satisfy the Killing-spinor equations (2.4), the KT structures (X_n, J, g) and (X_n, J, G) are conformally balanced and the holonomies of their ∇^{(+)} connections are contained in SU(n). In addition both gauge connections B and its deformation A satisfy the conditions (4.1) — the latter up to linear order in α^′.

Applying the theorem proven in the previous section, we conclude that the background (g, T, φ, B) and its deformation (G, H, Φ, A) satisfy the field equations (4.3) — the latter up to linear order in α^′. Expanding (4.3) in α^′ for the background (G, H, Φ, A) and since (4.3) is satisfied at zeroth order in α^′, the linear term in α^′ will vanish identically. Thus if the background (g, T, φ, B) and its deformation (G, H, Φ, A) satisfy the Killing-spinor equations, then the field equations (2.3) for the gauge potential are satisfied without additional conditions on the deformations. The conditions on the deformation Q of the gauge connection B are

∇_αQ_β − ∇_βQ_α = ∇_ᾱQ¯_β − ∇¯_βQ_ᾱ = 0 h^{αβ̄} F (B)_α¯_β + g^{αβ̄} ( ∇_αQ¯_β − ∇¯_βQ_α ) = 0 , (4.4)

where the covariant derivative ∇ is with respect to the gauge connection B. We have derived these by substituting the deformation (G, H, Φ, A) of (g, T, φ, B) in the Killingspinor equations (4.1) and by collecting the terms linear in α^′.

It remains to find whether the Killing-spinor equations for the gaugino or equivalently (4.1) have solutions on a general conformally balanced KT manifold. It is easy to investigate the case where A is an abelian connection. However, the non-abelian case is more involved and so we shall not pursue this further.

5. (2,0) heterotic compactifications

The compactification ansätze for the heterotic string which preserve (2,0) world-volume supersymmetry and are spacetime supersymmetric, are given in (3.1) with the additional assumption that the internal space X_n is compact.^9 As we have discussed, such backgrounds are expected to receive α^′ corrections. Using the machinery developed in the previous sections, we shall investigate the deformations of these backgrounds due to α^′ corrections.

5.1 The zeroth-order solution As we have explained the requirement for a compactification to preserve (2,0) world-sheet supersymmetry and 2^{1−n} of spacetime supersymmetry in (10 − 2n)-dimensions leads to an internal manifold X_n with a conformally balanced KT structure and hol(∇^{(+)}) ⊆ SU(n).

9The ansatz (3.1) was considered in [10] where it was shown that no warp factor is allowed for the non-compact part of the metric. Therefore, as is easy to see using sigma-model perturbation theory, there can be no such warp factor in (3.2) either.

– 12 –

The additional requirement that X_n is compact,^{10} the implicit assumption that all the fields (g, T, φ) are smooth on X_n and the fact that at zeroth order in α^′ dT = 0, impose strong restrictions on the geometry of X_n. It has been shown in [15] under the above assumptions^{11} that X_n is Calabi-Yau , T = 0 and the dilaton φ is constant. In addition at zeroth order in α^′ the gauge connection B satisfies the Donaldson equations (4.1) on the Calabi-Yau manifold X_n. These data are the starting point of our α^′ expansion.

The Calabi-Yau background (g, φ, B) receives α^′ corrections. The deformation (G, H, Φ, A) of (g, φ, B) has non-vanishing torsion H which is not closed, dH ≠ 0, as required by the anomaly-cancellation mechanism. Note that the zeroth-order term in H vanishes and so H is purely first-order in α^′, H = α^′f + O(α^{′2}).

5.2 The first-order solution

To find the correction (G, H, Φ, A) to the Calabi-Yau geometry (g, φ, B), we have to solve equations (3.6) and (4.4) for the first-order deformations (h, f, ϕ, Q). The deformation ϕ to the dilaton is given in (3.9), ϕ =^1_4 g^{βγ̄} h_{βγ̄} . Similarly, the deformation f of the torsion is given in (3.4). The remaining field and Killing-spinor equations are satisfied without further conditions.

Since for this background the torsion vanishes at zeroth order in α^′, condition (3.6) arising from the requirement that hol(∇^{(+)}) ⊂ SU(n), can be rewritten as

∇^{β̄}h_α¯_β − 1 2 ∇_α ( g^{γβ̄} h_γ¯_β ) = 0 . (5.1)

The above equation can be thought of as a gauge-fixing condition for the deformations associated with infinitesimal diffeomorphisms of the underlying manifold. Condition (5.1) can always be attained. To see this, first write (5.1) in real coordinates ∇^j h_{ji} − 1 4 ∇_ih^j_j = 0 . (5.2)

Suppose that h does not solve (5.2). We shall show that there is a v such that h^′ given by h^′_{ij} = h_{ij} + ∇_iv_j + ∇_j v_i satisfies (5.2). v is determined by

∇^k∇_kv_i + 1 2 ∇_i∇^kv_k = ∇^jh_{ji} − 1 4 ∇_ih^j_j . (5.3)

First note that the Kernel of the operator on the left-hand-side of the equation above is zero on an irreducible Calabi-Yau manifold. Indeed let v be in the Kernel. Then ∫ X_n (v^i∇^k∇_kv_i + 1 2 v^i∇_i∇^kv_k) dvol = − ∫ M ( ∇_kv_i∇^kv^i + 1 2 (∇^kv_k)^2 ) dvol = 0 .

Thus v is parallel with respect to the Levi-Civita connection. Since X_n is irreducible, there are no parallel one-forms on X_n and so the Kernel vanishes. Therefore equation (5.3) can be solved for v since the right-hand-side does not vanish, by assumption.

10This assumption is sufficient for the spectrum in (10 − 2n) dimensions to be discrete. 11In fact in [15] it was shown that Xn is Calabi-Yau even if dT ≠ 0 provided a certain inequality holds.

– 13 –

We can also determine the metric moduli of (2,0) compactifications. Since the ∂ ¯∂- lemma applies for Calabi-Yau manifolds, the Aeppli group V^{1,1}(X_n) is isomorphic to the the Hodge group H^{1,1}(X_n). Thus the dimension of the moduli space is the Hodge number h^{1,1} which is the same as the number of metric moduli of Calabi-Yau manifolds. Of course one can also take into account the moduli associated with including in the theory NS two-form gauge potentials. The latter are harmonic (1,1)-forms. This leads to a complex moduli space of real dimension 2h^{1,1}. One concludes that the metric moduli of Calabi- Yau (2,0)-compactifications, which are associated with NS fluxes induced by the heterotic anomaly, are not lifted. An effect of the heterotic anomaly-cancellation mechanism is a shift in the origin of the moduli space.

The moduli of the theory associated with deformations of the complex structure of the underlying Calabi-Yau manifold is not lifted either. The analysis that we have done using the complex structure J can be repeated with any other complex structure on the Calabi-Yau manifold. Therefore, we conclude that the presence of NS flux associated with the heterotic anomaly cancellation mechanism does not lift the Calabi-Yau moduli at this order in α^′ perturbation theory.

6. The α^′-corrected conifold The conifold is a singular non-compact Calabi-Yau threefold [17]. Here we apply the machinery of the previous sections to compute the α^′ corrections explicitly.

The conifold can be thought of as a Ricci-flat cone over a T^{1,1} space, where the latter is a particular U(1) fibration over S^2 × S^2 [25]. Let 0 ≤ ϕ_i ≤ 2π, 0 ≤ θ_i ≤ π, i = 1, 2 be angular coordinates parametrising the two spheres S^2, 0 ≤ ψ ≤ 4π be the coordinate on the U(1) fibre and ρ ≥ 0 be the radial coordinate. The line element of the conifold is

ds^2 = g_{mn}dx^mdx^n = dρ^2 + ρ^2 9 (dψ + cos θ_1dϕ_1 + cos θ_2dϕ_2)^2 + + ρ^2 6 ( sin^2 θ_1dϕ^2_1 + dθ^2_1 ) + ρ^2 6 ( sin^2 θ_2dϕ^2 + dθ^2 ) . (6.1)

The second term on the right-hand-side is the vertical displacement along the U(1) fibre whereas the last two terms represent the line element of S^2 × S^2. There is a conical singularity at ρ = 0, where the T^{1,1} base of the cone shrinks to zero size. It is useful to note that T^{1,1} is topologically S^2 × S^3.

Let us now consider a deformation g_{mn} → g_{mn} + α^′h_{mn}, where h_{mn} is hermitean,

h_{kl}J^κ_mJ^l_n = h_{mn} . (6.2)

The complex structure J of the conifold is

J^{θ1}_{ϕ1} = sin θ_1 , J^ρ_{ϕ1} = − ρ 3 cos θ_1 ,

J^{θ2}_{ϕ2} = sin θ_2 , J^ρ_{ϕ2} = − ρ 3 cos θ_2 ,

J^{ϕ1}_{θ1} = − 1 sin θ_1

, J^ψ_{θ1} = cot θ_1 ,

J^{ϕ2}_{θ2} = − 1 sin θ_2

, J^ψ_{θ2} = cot θ_2 ,

J^ρ_ψ = − ρ 3 , J^ψ_ρ = 3 ρ , (6.3)

– 14 – and the rest of the components vanish. Condition (6.2) implies that h_{mn} is of the form, h_{mn}dx^mdx^n = D [ dρ^2 + ρ^2 9 (dψ + cos θ_1dϕ_1 + cos θ_2dϕ_2)^2 ] + + A(sin^2 θ_1dϕ^2_1 + dθ^2_1) + C(sin^2 θ_2dϕ^2 + dθ^2) + + 2B sin ψ(sin θ_1dϕ_1dθ_2 − sin θ_2dϕ_2dθ_1) + + 2B cos ψ(dθ_1dθ_2 + sin θ_1 sin θ_2dϕ_1dϕ_2) . (6.4)

We take A, B, C, D to be functions of the radial coordinate alone. With this assumption, it can be seen from the form of most general T^{1,1} metric given in [26], that (6.4) is a foliation of T^{1,1} spaces.

The gauge-fixing condition (5.2) is equivalent to

0 = A + C + 3 2 ρ(A + C)^′ − 1 12 ρ^3 − 2 3 ρ^2F 0 = B . (6.5)

In order to solve the Einstein equation, we need to find

S_{mn} := 1 4 R_m^{kls}R_{nkls} . After some computation, we get

S_{ϕ1ϕ1} = S_{ϕ2ϕ2} = sin^2 θ ρ^2

, S_{θ1θ1} = S_{θ2θ2} = 1 ρ^2

. (6.6)

The Einstein equation (3.10) (or its gauged-fixed version (C.4) of appendix C) is then equivalent to the following set of conditions,

0 = B

0 = A + C + ρ^2 24 (−8D + 5ρD^′ + ρ^2D^{′′})

0 = 6ρA^′ + 6ρ^2A^{′′} + ρ^2(−4D + 5ρD^′ + ρ^2D^{′′}) − 3 0 = A^′ + ρA^{′′} − C^′ − ρC^{′′} . (6.7)

Demanding that the total metric be asymptotic to the conifold in the region ρ/ √ α^′ → ∞, the general solution to order O(α^′) reads A = − 1 16 ( 3 2 − c_1 − c_2 log ρ ρ_0 )

B = 0 C = − 1 16 ( 3 2 + c_1 + c_2 log ρ ρ_0 )

D = − 3 8ρ^2

, (6.8)

where ρ_0 is a dimensionful constant introduced to make the constants c_1, c_2 dimensionless. Note that the gauge-fixing condition (6.5) is automatically satisfied by the solution (6.8). Therefore the solution is spacetime supersymmetric.

– 15 –

To summarise, the O(α^′)-perturbed metric is

ds^2 = ( 1 − 3α^′ 8ρ^2 ) [ dρ^2 + ρ^2 9 (dψ + cos θ_1dϕ_1 + cos θ_2dϕ_2)^2 ] + + ρ^2 6 [ 1 − 3α^′ 8ρ^2 ( 3 2 − c_1 − c_2 log ρ ρ_0 )] ( sin^2 θ_1dϕ^2_1 + dθ^2_1 ) + + ρ^2 6 [ 1 − 3α^′ 8ρ^2 ( 3 2 + c_1 + c_2 log ρ ρ_0 )] (sin^2 θ_2dϕ^2 + dθ^2). (6.9)

The perturbation is valid in the regime ρ/ √ α^′ ≫ 1. In order to be able to extract any information about the behavior of the metric near the apex (ρ = 0), the full tower of α^′ corrections would have to be taken into account as these become important in the substringy regime ρ/ √ α^′ ≤ 1. This is clearly beyond the validity of our analysis. Nevertheless, we can attempt to extrapolate our result to the region ρ/ √ α^′ ∼ 1. An analysis then reveals that at a radial distance of the order of √ α^′, an S^2 in the T^{1,1} base shrinks to zero volume.

We therefore find that the singularity of the conifold persists, although it becomes milder in the sense that not the entire base shrinks to zero.

7. The α^′-corrected U(n)-invariant Calabi-Yau metric

To describe the U(n)-invariant Calabi-Yau metric [18], we introduce complex coordinates {z^α; α = 1, . . . , n} and consider the U(n) invariant hermitean metric ds^2 = A(r^2)dz · dz̄ + B(r^2)z̄ · dz z · dz̄ , where r^2 = δ_α¯_β z^αz^{β̄} , dz · dz̄ = δ_α¯_βdz^αdz^{β̄} and similarly for the rest. The metric is Kähler if B = A^′ , where the prime denotes differentiation with respect to r^2. The Levi-Civita connection one-form is

Γ^α_β = A^{−1}A^′(δ^α_βz̄ · dz + z̄_β dz^α) +

A^{′′} − 2A^{−1}(A^′)^2 A + r^2A^′ z^αz̄_βz̄ · dz . The holonomy of the above connection is contained U(n). The metric is Calabi-Yau if and only if the holonomy of the above connection is in SU(n). The connection of canonical bundle is ω_α = i∂_αln det(g_α¯_β ) ,

where det(g_α¯_β ) = A^{n−1}(A + r^2A^′). The curvature of canonical bundle vanishes iff

A^n + r^2 n (A^n)^′ = λ ,

where λ is a constant. The most general solution of this equation is

A^n = λ + c r^{2n} ,

– 16 – where c is constant. This metric is the Calabi-Yau metric on the orbifold C^n /Z_n after resolving the singularity at the origin by replacing with a C P^2 . Next we compute P = 1 4 trR^2 to find P = 1 4 C(dz ∧ dz̄) ∧ (dz ∧ dz̄) + 1 4 C^′z̄ · dz ∧ z · dz̄ ∧ (dz ∧ dz̄) , where

C = (n + 1)A^{−2}(A^′)^2 + 2A^{−1}A^′r^2

A^{′′} − 2A^{−1}(A^′)^2 A + r^2A^′

+ r^4 ( A^{′′} − 2A^{−1}(A^′)^2 A + r^2A^′

)_2

and (dz ∧ dz̄) = δ_α¯_β dz^α ∧ dz^{β̄}. After some computation, we find that

C = n(n + 1) ( c λr^{2n+2} + cr^2

)_2 . In addition setting h = D(r^2)dz · dz̄ + E(r^2)z̄ · dz z · dz̄ , and Y_α¯_β = −ih_α¯_β , we find that P = −2i∂ ¯∂Y implies D^′ − E = − 1 8 C . (7.1)

Condition (5.1) for h, gives

2(n − 1)A^{−1}E − (n − 1)A^{−1}D^′ − (n − 1)A^{−2}A^′D + 1 λ [A^{n−1}(D + r^2E)]^′ = 0 . (7.2)

The supersymmetric deformation can be computed by solving (7.1) and (7.2). Substituting for E in (7.2), we find after some algebra that

0 = − c^2n(n + 1) 8λr^{4n+4} 3λ +^{nc}_{r2n} (λ +^c_{r2n} )^2 − c^2(n − 1) λr^{4n+2} 1 (λ +^c_{r2n} ) D + + [ n − 1 λ ( λ − c r^{2n} ) + 2 ( λ + c r^{2n} )] D^′ + r^2 λ ( λ + c r^{2n} ) D^{′′} . (7.3)

We have not been able to obtain a closed form for D. But we can solve the equation perturbatively in a large distance expansion. The result reads, E = n(c/λ)^2 8r^{4n+4} ( n − 2 +

−5n^2 + 8n + 1 2n + 1 (c/λ) r^{2n} + · · · )

D = n(c/λ)^2 8r^{4n+2} ( 3 2n + 1 + n^2 − 14n − 3 (2n + 1)(3n + 1) (c/λ) r^{2n} + · · · ) . (7.4)

Note that the leading correction to the metric behaves like r^{−4n−2}.

– 17 –

8. Concluding remarks

Compactifications with fluxes lead to lower-dimensional effective theories which exhibit potentials lifting some of the moduli. The relevant flux for (2,0) heterotic-string compactifications is the NS three-form H. There are two possibilities. One is to allow for a non-vanishing flux at zeroth order in α^′. Then the internal manifold is either non-compact or/and some of the fields are singular. We have extensively investigated the case of Calabi- Yau compactifications where the NS flux vanishes at zeroth order in α^′. As we have shown such compactifications develop a non-vanishing flux H and a non-constant dilaton at first order in α^′. In addition, at this order in α^′, the compactifications have the same dimension of moduli space as that of the moduli space of the Calabi-Yau manifolds at zeroth order in α^′ and so there is no lifting of moduli.

The effective lower-dimensional theories which arise in standard Calabi-Yau compactifications, i.e. without NS flux, may be different from those with flux. If there is no NS flux induced by the heterotic anomaly-cancellation mechanism, then it is consistent to take the lower-dimensional effective action to be the standard ten-dimensional N=1 supergravity action. Of course there will be higher-order α^′ corrections. Nevertheless it is consistent to consider only the zeroth order in α^′. On the other hand, if one wishes to consider the NS fluxes induced by the heterotic anomaly-cancellation mechanism, consistency requires that curvature square terms in the field equations and their supersymmetric completion should be considered as well. These will contribute to the lower-dimensional effective theories.

The other possibility is to introduce a non-vanishing H flux at zeroth order in α^′ and to allow for some fields to be singular or/and for the internal manifold to be noncompact. In the case that the manifold or the fields are singular, one may expect that these singularities can be resolved by taking into account α^′ corrections. We have seen, for example, that after taking into account the linear order α^′ correction to the conifold, the metric is less singular but the singularity is not completely resolved. In a scenario where the singularities are removed and the internal manifold remains compact, some moduli may be lifted and potentials of the type given in [28] may be generated in the effective theory in lower dimensions.

Similar conclusions can be drawn for compactifications of other theories with fluxes in the presence of an anomaly-cancellation mechanism. Such an example is M-theory [27]. To investigate the consistency of the anomaly cancellation with spacetime supersymmetry as we have done for the heterotic string, one needs to know the higher-order derivative corrections to D = 11 supergravity and their supersymmetric completions.

It is of interest to speculate on the geometry of the background (3.1) after all α^′ corrections are taken into account. It is expected that such a background is a hermitean manifold, based on the assumption that (2,0) world-sheet supersymmetry is preserved in sigma-model perturbation theory. It is unlikely that the supergravity Killing-spinor equations will remain of the form (2.4). The dependence on the metric and the torsion will change and higher-curvature terms are expected to appear [23]. So the conditions for preserving spacetime supersymmetry will not be simply expressed as conditions on the holonomy of the ∇^{(+)} connection and on the Lee form θ of the hermitean geometry. However, some properties

– 18 – of the underlying manifold may be preserved. It is plausible to assume that the manifold satisfies the ∂ ¯∂-lemma and the canonical bundle is holomorphically trivial. It has been shown in [24] that Moishezon manifolds with these properties admit a connection with skew-symmetric torsion and holonomy contained in SU(n). However, it is not apparent that the associated metric is that which arises after taking into account all α^′ corrections. In addition, on such non-Kähler Moishezon manifolds there is no KT structure for which the associated three-form field strength is closed [24]. Therefore such manifolds cannot be used as the starting point of the sigma-model perturbation theory.

Acknowledgments

We would like to thank P. Howe for stimulating discussions. This work was partially supported by PPARC grants PPA/G/S/1998/00613 and PPA/G/O/2000/00451 and by EU grant HPRN-2000-00122.

A. Useful formulae for KT geometry

Let (X_n, J, G) be a KT manifold, i.e. X_n is a hermitean manifold of complex dimension n with metric G and complex structure J such that ∇^{(+)}J = 0, where ∇^{(+)} has skewsymmetric torsion H. In the mathematics literature ∇^{(+)} is called the Bismut connection. The holonomy of ∇^{(+)} is contained in U(n). In complex coordinates, the holonomy condition requires Γ^{(+)}_i^α¯_β = 0 which in turn gives

H_{αβγ̄} = −∂_αG_{βγ̄} + ∂_βG_{αγ̄} . (A.1)

The rest of the components of the torsion are determined by complex conjugation. The (3,0) and (0,3) components of H vanish as it can be seen from the integrability of the complex structure. So H is determined uniquely in terms of the metric and complex structure of (X_n, J, G). The Lee form of the KT geometry is

θ_i = 1 2 J^j_iH_{jkl}Ω^{kl} , where Ω_{ij} = G_{ik}J^k_j is the Kähler form. In complex coordinates, the Lee form can be written as θ_α = ∂_α ln det(G_{βγ̄} ) − G^{βγ̄} ∂_βG_{αγ̄} (A.2)

and θ_ᾱ = (θ_α)^∗.

The connection of the canonical bundle induced by ∇^{(+)} is

ω_α = iΓ^{(+)}_α^β_β − iΓ^{(+)}_α^{β̄}¯_β = 2iG^{βγ̄} ∂_βG_{αγ̄} − iG^{βγ̄} ∂_αG_{βγ̄} (A.3)

and ω_ᾱ = (ω_α)^∗. Let ρ = dω be the curvature of the U(1) connection ω. The holonomy of the connection ∇^{(+)} is contained in SU(n), iff ρ = 0.

A KT manifold is conformally balanced iff there is a function Φ on X_n such that θ = 2dΦ, i.e. the Lee form is exact. It has been shown in [16] that if (X_n, J, G) is a

– 19 – conformally balanced KT manifold and the holonomy of ∇^{(+)} is contained in SU(n) (ρ = 0), then R_{ij} + 1 4 H^k_{il}H^l_{jk} + 2∇_i∂_j Φ = 1 4 J^k_i(dH)_{kjmn}Ω^{mn} , (A.4)

where ∇ is the Levi-Civita connection of the metric G. Note that we do not require dH = 0 in the above expression.

Our conventions for the curvature of a connection Γ are

R_{ij}^k_l = ∂_iΓ^k_{jl} − ∂_jΓ^k_{il} + Γ^k_{im}Γ^m_{jl} − Γ^k_{jm}Γ^m_{il}

and the Ricci tensor is R_{ij} = R_{mi}^m_j .

B. Lichnerowicz and Laplace operators

Let (M, g) be a riemannian manifold with associated Levi-Civita connection ∇. The Lichnerowicz operator Δ_L is defined by

R_{ij}(g + ϵh) = R_{ij} + ϵΔ_Lh_{ij} + O(ϵ^2) .

So Δ_L is the first-order deformation of the Ricci tensor. A calculation reveals that

Δ_Lh_{ij} = − 1 2 ∇^2h_{ij} − R_{ikjl}h^{kl} + 1 2 ∇_i∇^kh_{kj} + 1 2 ∇_j∇^kh_{ki} − − 1 2 ∇_i∇_jh^k_k + 1 2 R_{ki}h^k_j + 1 2 R_{kj}h^k_i . (B.1)

The laplacian operator Δ on a two form Y is ΔY_{ij} = − 1 2 ∇^k∇_kY_{ij} − R_{ikjℓ}Y^{kℓ} + 1 2 R_{ik}Y^k_j − 1 2 R_{jk}Y^k_i . On Ricci-flat Kähler manifolds, we can relate the Lichnerowicz operator to the Laplace operator on two-forms by choosing the gauge fixing condition ∇^j h_{ji} − 1 2 ∇_ih^j_j = 0

for infinitesimal diffeomorphisms and by using the relation Y_{ij} = h_{ik}J^k_i between symmetric (1,1)-tensors and (1,1)-forms. The hermiticity condition for the metric implies that the deformations h of the metric are (1,1) tensors.

Note that the above gauge can always be attained. Suppose that h does not satisfy the gauge. Assume that there is an infinitesimal diffeomorphism v such that h^′_{ij} = h_{ij} + ∇_iv_j + ∇_jv_i satisfies the gauge. Then v is determined by the equation ∇^k∇_kv_i = ∇^jh_{ji} − 1 2 ∇_ih^j_j . To show that there is always such a v, we must invert the above equation. This can be achieved iff ∇^jh_{ji} −^1_2 ∇_ih^k_k is orthogonal to the kernel of the elliptic operator ∇^k∇_k. We rewrite the above equation as (dδ + δd)V = −∇^jY_{ji} + 1 2 J^k_i∇_kh^j_j ,

– 20 – where V_i = v_kJ^k_i and δ is the adjoint of d. Of course this equation can be inverted iff the right-hand-side is orthogonal to harmonic one-forms. Indeed let Z be a harmonic one-form, then ∫ M Z^i ( −∇^jY_{ji} + 1 2 Ω_{ki}∇^kh^j_j ) dvol = − ∫ M ( ∇_iZ_jY^{ij} + 1 2 ∇_iZ_j Ω^{ij} h^k_k ) dvol = 0

because Z is closed.

C. Another derivation of the field equations for (2,0) compactifications

The first-order corrections (h, f, ϕ) to the background of a Calabi-Yau compactification (g, φ), T = 0, can be determined by the field equations without using the conditions for spacetime supersymmetry. To show this, we substitute (2.5) in the field equation (2.3) and collect the linear terms in α^′. Using the fact that at zeroth order in α^′ the geometry is Calabi-Yau, the equation for the metric gives

Δ_Lh_{ij} + S_{ij} + 2∇_i∂_j ϕ = 0 , (C.1)

where Δ_L is the Lichnerowicz operator (see appendix B). In this case, we have

Δ_Lh_{ij} = − 1 2 ∇^2h_{ij} − R_{ikjl}h^{kl} + 1 2 ∇_i∇^kh_{kj} + 1 2 ∇_j∇^kh_{ki} − 1 2 ∇_i∇_jh^k_k (C.2)

because X_n is Calabi-Yau and R_{ij} = 0, and S_{ij} = 1 4 [ R_{iklm}R_j^{klm} − F_{ikab}F_j^{kab} ] . (C.3)

The covariant derivative ∇ in (C.1) and (C.2) and the curvature R are with respect to the Calabi-Yau metric g.

To solve equation (C.1) with respect to h, we shall exploit the well-known relation between the Lichnerowicz and Laplace operators on Calabi-Yau manifolds. There are two ways to do this. One is to use the scheme dependence of the two-loop beta function and the other is to impose a gauge fixing condition on the deformations h of the metric g. The latter is common in moduli problems in order for the deformation h to be orthogonal to the orbits of infinitesimal diffeomorphisms. Using the scheme dependence of the two-loop beta function, we can arrange so that the term 1 2 ∇_i∇^kh_{kj} + 1 2 ∇_j∇^kh_{ki} + 1 2 r∇_i∂_j h^k_k is cancelled by a wave function renormalization, where r is a real number. Alternatively, one can impose the gauge fixing condition ∇^kh_{ki} + r 2 ∇_ih^k_k = 0 .

Provided that we set for the deformation of the dilaton ϕ = 1 4 (r + 1)h^k_k ,

– 21 – the remaining equation is − 1 2 ∇^2h_{ij} − R_{ikjl}h^{kl} + S_{ij} = 0 . (C.4)

To solve this equation observe that S is a (1,1) symmetric tensor with respect to the complex structure. This allows us to consider deformations of the metric which are (1,1) as well, i.e. to take h to be a (1,1) symmetric tensor. It is well known that on Kähler manifolds there is a 1-1 correspondence between symmetric (1,1) tensors and (1,1) two-forms. Indeed define the forms Y_{ij} = h_{ik}J^k_j and Z_{ij} = S_{ik}J^k_j associated to T and S. Equation (C.4) becomes ΔY + Z = 0 , (C.5) where ΔY_{ij} = − 1 2 ∇^k∇_kY_{ij} − R_{ikjℓ}Y^{kℓ} is the standard Laplace operator on Y (see appendix B). We have taken into account that Calabi-Yau manifolds are Ricci-flat, R_{ij} = 0. So it remains to invert the Laplace operator to determine Y in terms of Z.

To solve the equation (C.5) in terms of Y , we have to show that Z is orthogonal to the harmonic two-forms of X_n in the Hodge decomposition with respect to the Calabi-Yau metric g. This can be achieved by relating the two-loop contribution Z to the beta function of the metric, to the heterotic anomaly P . Using Ω^{ij}R_{ijkl} = Ω^{ij}F_{ijab} = 0 , we can show that Z_{ij} = 1 4 P_{ijmn}Ω^{mn} . Now suppose that n = 3. After some computation, we find that Z_{ij} = − 1 2 ∗P_{ij} + 1 16 Ω_{ij} P_{mnpq}Ω^{mn}Ω^{pq} . The cancellation of the global anomaly implies that P is exact. As a consequence the dual two-form^∗P is co-exact and so it is orthogonal to harmonic two-forms. It remains to show that P_{mnpq}Ω^{mn}Ω^{pq} is not harmonic. Observe that a harmonic function on X_3 is a non-vanishing constant. Integrating the identity

P ∧ Ω = 1 8 P_{mnpq}Ω^{mn}Ω^{pq}dvol over the compact manifold X_3 and using that P is exact, it is easy to see that P_{mnpq}Ω^{mn}Ω^{pq} is not harmonic.

This result can be easily extended to four- and eight-dimensional internal manifolds. The n = 2 case has been investigated in [8]. For n = 4, the computation is similar to n = 3. The only difference is the relation between the two-loop counterterm and the anomaly.

Next we investigate the field equation of the three-form field strength. Again substituting (2.5) in (2.3) and collecting the terms linear in α^′, we find ∇^if_{ijk} = 0

– 22 – or equivalently d^†f = 0 , where d^† is the adjoint operator of d. To derive this, we have used the fact that H vanishes at zeroth order in α^′. In addition, we have that df = −P ; f is well-defined because P is exact. Using the Hodge decomposition, we can write f = f_h + dX + d^†W , where f_h is harmonic and W is a four-form. Adding the counterterm b = −α^′X , the exact three-form dX can be eliminated as follows H = −α^′dX + α^′f = α^′f_h + α^′d^†W . Thus the field equation is satisfied and dH = −P . Alternatively, one can choose f such that f = f_h + d^†W . References

[1] P. Candelas, G.T. Horowitz, A. Strominger and E. Witten, Vacuum configurations for superstrings, Nucl. Phys. B 258 (1985) 46.

[2] A. Strominger and E. Witten, New manifolds for superstring compactification, Commun.

Math. Phys. 101 (1985) 341.

[3] B. de Wit, D.J. Smit and N.D. Hari Dass, Residual supersymmetry of compactified D = 10 supergravity, Nucl. Phys. B 283 (1987) 165.

[4] C.G. Callan Jr., J.A. Harvey and A. Strominger, Supersymmetric string solitons,

hep-th/9112030.

[5] J.P. Gauntlett, G.W. Gibbons, G. Papadopoulos and P.K. Townsend, Hyper-Kähler manifolds and multiply intersecting branes, Nucl. Phys. B 500 (1997) 133 [hep-th/9702202].

[6] G. Papadopoulos and A. Teschendorff, Grassmannians, calibrations and five-brane intersections, Class. and Quant. Grav. 17 (2000) 2641 [hep-th/9811034].

[7] P.S. Howe and G. Papadopoulos, Ultraviolet behavior of two-dimensional supersymmetric nonlinear sigma models, Nucl. Phys. B 289 (1987) 264.

[8] P.S. Howe and G. Papadopoulos, Finiteness and anomalies in (4,0) supersymmetric σ models, Nucl. Phys. B 381 (1992) 360 [hep-th/9203070].

[9] C.M. Hull and E. Witten, Supersymmetric σ models and the heterotic string, Phys. Lett. B 160 (1985) 398.

[10] A. Strominger, Superstrings with torsion, Nucl. Phys. B 274 (1986) 253. [11] G.L. Cardoso, G. Curio, G. Dall’Agata, D. Lüst, P. Manousselis and G. Zoupanos, Non-kaehler string backgrounds and their five torsion classes, Nucl. Phys. B 652 (2003) 5 [hep-th/0211118].

– 23 –

[12] J.P. Gauntlett, D. Martelli and D. Waldram, Superstrings with intrinsic torsion,

hep-th/0302158.

[13] K. Becker, M. Becker, K. Dasgupta and P.S. Green, Compactifications of heterotic theory on non-Kähler complex manifolds, I, J. High Energy Phys. 04 (2003) 007 [hep-th/0301161].

[14] K. Becker, M. Becker, K. Dasgupta and S. Prokushkin, Properties of heterotic vacua from superpotentials, hep-th/0304001.

[15] S. Ivanov and G. Papadopoulos, A no-go theorem for string warped compactifications, Phys.

Lett. B 497 (2001) 309 [hep-th/0008232].

[16] S. Ivanov and G. Papadopoulos, Vanishing theorems and string backgrounds, Class. and Quant. Grav. 18 (2001) 1089 [math.DG/0010038].

[17] P. Candelas and X.C. de la Ossa, Comments on conifolds, Nucl. Phys. B 342 (1990) 246. [18] E. Calabi, Metriques kählériennes et fibrés holomorphes, Ann. Sci. de l’École Norm. Sup. 12 (1979) 269.

[19] C.M. Hull and P.K. Townsend, The two loop β function for σ models with torsion, Phys.

Lett. B 191 (1987) 115.

[20] S. Frolov and A.A. Tseytlin, R^4 corrections to conifolds and G_2 holonomy metrics, Nucl.

Phys. B 632 (2002) 69 [hep-th/0111128].

[21] E.A. Bergshoeff and M. de Roo, The quartic effective action of the heterotic string and supersymmetry, Nucl. Phys. B 328 (1989) 439.

[22] P.S. Howe and G. Papadopoulos, Anomalies in two-dimensional supersymmetric nonlinear σ models, Class. and Quant. Grav. 4 (1987) 1749.

[23] L. Bonora et al., Some remarks on the supersymmetrization of the Lorentz Chern-Simons form in D = 10 N = 1 supergravity theories, Phys. Lett. B 277 (1992) 306.

[24] J. Gutowski, S. Ivanov and G. Papadopoulos, Deformations of generalized calibrations and compact non-Kähler manifolds with vanishing first Chern class, math.DG/0205012.

[25] D.N. Page and C.N. Pope, Which compactifications of D = 11 supergravity are stable?, Phys.

Lett. B 144 (1984) 346.

[26] R. Minasian and D. Tsimpis, On the geometry of non-trivially embedded branes, Nucl. Phys.

B 572 (2000) 499 [hep-th/9911042].

[27] M.J. Duff, J.T. Liu and R. Minasian, Eleven-dimensional origin of string/string duality: a one-loop test, Nucl. Phys. B 452 (1995) 261 [hep-th/9506126].

[28] S. Gukov, Solitons, superpotentials and calibrations, Nucl. Phys. B 574 (2000) 169 [hep-th/9911011].

– 24 –